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IMPULSIVE LOADING OF CELLULAR MEDIA 

IN SANDWICH CONSTRUCTION 
 

Joseph A. Main1 and George A. Gazonas2 
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100 Bureau Drive, Mail Stop 8611, Gaithersburg, MD 20899-8611 
2Weapons and Materials Research Directorate, U.S. Army Research Laboratory 

ATTN: AMSRD-ARL-WM-MD, Aberdeen Proving Ground, MD 21005-5069 
 
 

Abstract.  Motivated by recent efforts to mitigate blast loading using energy-absorbing materials, this 
paper investigates the uniaxial crushing of cellular media in sandwich construction under impulsive 
pressure loading. The cellular core is modeled using a rigid, perfectly-plastic, locking idealization, as 
in previous studies, and the front and back faces are modeled as rigid, with pressure loading applied to 
the front face and the back face unrestrained. Predictions of this analytical model show excellent 
agreement with explicit finite element computations, and the model is used to investigate the influence 
of the mass distribution between the core and the faces. Increasing the mass fraction in the front face is 
found to increase the impulse required for complete crushing of the cellular core but also to produce 
undesirable increases in back-face accelerations. Optimal mass distributions are investigated by 
maximizing the impulse capacity while limiting the back-face accelerations to a specified level. 

Keywords: Blast mitigation, aluminum foam, shock wave, finite element analysis. 
PACS: 46.40.Cd, 62.50.+p, 83.60.Uv.  

 
 

BACKGROUND 
 

Cellular materials such as metal foams and 
honeycombs are being considered in a wide variety 
of structural applications because of their capacity 
to absorb impact energy. Surprisingly, however, 
their use under blast loading has often led to 
enhancement, rather than mitigation, of blast 
effects. Experiments by Hanssen et al. [1] showed 
that increased upswing results from the addition of 
an aluminum foam layer to the face of a massive 
“pendulum” subjected to blast loading. Nesterenko 
[2] noted that in these experiments, the blast 
impulse is imparted primarily to a lightweight plate 
covering the foam layer, leading to significantly 
higher kinetic energy than if the same impulse 
were imparted directly to the more massive 
pendulum. Xue and Hutchinson [3] noted a similar 

effect in a computational study of blast loading on 
sandwich plates, in which the kinetic energy 
imparted to a sandwich plate was observed to be 
greater than for a solid plate of the same mass. In 
spite of this, it was found that deflections of 
sandwich plates could be significantly less than for 
the corresponding solid plate. Xue and Hutchinson 
considered front and back face sheets with equal 
mass but suggested that further reductions in 
deflections might be achieved by increasing the 
mass fraction in the face sheet near the blast. 
 

ANALYTICAL MODEL 
 
Motivated by these observations, an analytical 

model is developed in this paper to investigate the 
influence of mass distribution on the uniaxial 
crushing of cellular material sandwiched between 
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rigid layers. The cellular core material is 
represented by the simplified stress-strain 
relationship shown in Fig. 1(b), originally proposed 
by Reid and Peng [4] for modeling crushing of 
wood and subsequently applied to cellular metals 
in a number of studies (e.g., [1,5]). Arbitrary 
masses of the front and back faces are permitted, 
and a pressure pulse p(t) is applied to the front face 
with the back face unrestrained. This sandwich 
model is a generalization of that in [1], which 
considered a fixed back face, and of that in [5], 
which considered front and back faces of equal 
mass with blast loading represented by an initial 
velocity imparted to the front face.  

A strip of sandwich panel with unit cross-
sectional area is considered, with total mass given 
by 1 0 0m m m2ρ= + + , where 0ρ  and  are the 
uncompressed density and thickness of the cellular 
core, and  and  are the areal densities of the 
front and back faces. The acceleration of the center 
of mass, denoted u , follows directly from 
application of Newton’s second law to the strip: 

0

1m 2m

G

0

 
( ) Gp t mu=       (1) 

 
Provided the applied pressure is sufficiently high, 
densification of the cellular core commences at the 
front face, and a densification front propagates 
through the core. By conservation of mass, the 
density of the compressed core material is 

0 /(1 )ρ ε− . According to the simplified model of 
Fig. 1(b), the compressed core material moves as a 
rigid body with the same velocity as the front face, 
denoted , while the uncompressed core material 
moves as a rigid body with the velocity of the back 
face, . The stress just ahead of the densification 
front is 

1u

2u

0σ , and application of Newton’s second 

law to the material ahead of the densification front 
then yields the following equation: 
 

0 0 2( 2)x m uσ ρ= +      (2) 
 
where x denotes the thickness of the uncompressed 
core material, and the thickness of the densification 
front itself is assumed to be negligible. By forming 
and differentiating an expression for Gx , the 
distance of the center of mass from the back face, it 
follows that 
 

[ ]{ }2
0 1 0 0 0( / ) ( )Gx m m x x xε ρ ρ= + − −  (3) 

 
Eqs. (1) - (3) can then be combined through the 
relation 2 G Gu u x= +  to yield the following 
nonlinear ordinary differential equation for x: 
 

[ ] 2
0 1 0 0 0 0

0 0

( )
( ) / ( )

m x x
p t m x m

ε ρ ε ρ
σ ρ

− + − +

= − + 2

x
   (4) 

 
Eq. (4) can be integrated numerically with initial 
conditions 0(0)x =  and . A triangular 
pressure pulse is considered, as shown in Fig. 1(c), 
with total impulse denoted . The following 
symbols are introduced to denote the 
nondimensional peak pressure and total impulse: 

(0) 0x =

i∞

 

0
0

0

p
P

σ
= ; 0

0 0

i
I

m
ρ

σ ε
∞

∞ =    (5) 

 
The following symbols denote the mass fractions in 
the core and in the front and back faces: 

 
0 0 0 / mη ρ= ; 1 1 /m mη = ; 2 2 /m mη =  (6) 

Figure 1. Analytical model definition: (a) Strip of sandwich panel with partially compacted core; (b) Stress vs. 
volumetric strain relationship for core material; (c) Triangular pressure pulse applied to front face. 
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Figure 1. Analytical model definition: (a) Strip of sandwich panel with partially compacted core; (b) Stress vs. 
volumetric strain relationship for core material; (c) Triangular pressure pulse applied to front face. 
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1100.250.50.25sandwich
0.015100.9750.01250.0125pendulum

I∞P0η2η0η1Case

1100.250.50.25sandwich
0.015100.9750.01250.0125pendulum

I∞P0η2η0η1Case

Table 1. Parameters of computational simulations.

 
COMPARISON WITH COMPUTATIONS  

  
The predictions of the analytical model are 

compared with explicit finite element computations 
using LS-DYNA. In the computations, the cellular 
core was represented by a single row of solid 
elements with total thickness  = 5 cm, using 
material model 26 (*MAT_HONEYCOMB) with 

0

0ρ  = 250 kg/m3, 0σ  = 1 MPa, and 0ε  = 0.7. A 
large elastic modulus of E = 700 GPa was used to 
represent the “rigid” portions of the idealized 
stress-strain relationship in Fig. 1(b), and Poisson’s 
ratio was set to zero. The material viscosity 
coefficient μ was set to 0.001, and 150 elements 
were found to be sufficient for convergence.  

The front and back faces were represented in 
the computations by added nodal masses, and two 
different mass distributions were considered, as 
indicated in Table 1. The “pendulum” case 
corresponds to the blast pendulum experiments of 
[1], with the large back-face mass representing the 
pendulum. The “sandwich” case corresponds to the 
sandwich plates of [3] and [5], with equal front-
face and back-face masses.  

In Figs. 2 and 3, computational results are 
compared with predictions of the analytical model, 
and good agreement is observed. Results are 
plotted against nondimensional time, 0( / )i tτ σ ∞= . 
The nondimensional velocities in Figs. 2 and 3 are 

defined as 1 1 /v u v∞=  and 2 2 /v u v∞= , where 
/v i m∞ ∞=  is the final velocity of the center of 

mass. Due to the small mass of the front face, 
much larger nondimensional front-face velocities 
are observed in the “pendulum” case, despite the 
much smaller nondimensional impulse I∞ in this 
case, as shown in Table 1. 

  
INFLUENCE OF MASS DISTRIBUTION  

 
 Fig. 3(a) shows contours of the critical 
nondimensional impulse I∞ for which complete 
densification of the core is first achieved. These 
contours correspond to the limiting case of a Dirac 
delta impulse ( ) and were obtained by 
numerical solution of Eq. 

0P → ∞
(4). Fig. 3(a) shows that 

increasing the mass fraction in the core and in the 
front face increases the impulse capacity of the 
sandwich system. However, Fig. 3(b) shows that 
increasing the mass fraction in the core and in the 
front face also leads to increased back-face 
accelerations, thus sacrificing a protective function 
of the cellular core. The nondimensional back-face 
accelerations presented in Fig. 3(b) are defined as 

2 0( / )a m u2σ= . It follows from Eq. (2) that the 
peak back-face accelerations occur at the instant of 
complete compaction (x = 0), for which 

2 0 /u m2σ=  or 2 1/a 2η= . A design optimization 
problem can be posed by seeking to maximize the 
impulse I∞ that can be sustained while limiting the 
back-face accelerations to a specified level. Fig. 4 
shows a contour plot of the maximum impulse I∞ 
that can be sustained with accelerations limited to 

2 5a = . The grey curve in Fig. 4 corresponds to  

21/ 5η = . Below this curve, the values of 
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Figure 2. Comparison of LS-DYNA computations (―) with predictions of analytical model (○): Nondimensional front-
face and back-face velocities for (a) “pendulum” case; (b) “sandwich” case. 
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Figure 3. Contours with varying mass distribution: (a) Critical nondimensional impulse I∞ required for complete 
compaction of core (P0 →∞); (b) Peak nondimensional back-face acceleration ā2 at complete compaction of core.

Fr
ac

tio
n 

of
 m

as
s i

n 
co

re
, η

0

Fraction of face-sheet mass in front face
η1  / (η1 + η2)

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

Fraction of face-sheet mass in front face
η1  / (η1 + η2)

Fr
ac

tio
n 

of
 m

as
s i

n 
co

re
, η

0

1

0.6

0.2

1.5

2
2.8

1.4

2

3

5

10

50
(b)

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

(a)
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compaction of core (P0 →∞); (b) Peak nondimensional back-face acceleration ā2 at complete compaction of core.
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maximum impulse correspond to complete 
compaction of the core and are the same as in Fig. 
3(a). Above this curve, 2 5a >  at complete 
compaction, so only partial compaction is 
permitted and the values of maximum impulse are 
less than in Fig. 3(a). In the shaded region of Fig. 
4, defined by , 1

0 2( ) 5η η −+ > 2 5>a  at initiation of 
compaction, so the maximum allowable impulse is 
zero. It is evident in Fig. 4 that for a given mass 
fraction in the core 0η , the allowable impulse is 
maximized along the grey curve, i.e., by adjusting 
the mass distribution so that the acceleration at 
complete compaction equals the allowable value. 
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Figure 4. Contours of maximum nondimensional
impulse I∞ with nondimensional back-face 
accelerations limited to ā2 = 5.
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Abstract.  In this study we examine transient stresses in elastic and viscoelastic composite strips.  
When the stress is the result of a stress step we seek combinations of material parameters that lead to a 
minimum peak stress in the layer most distant from the applied stress. In the case of impact by a rigid 
body we define an optimal design as one in which the maximum stress is achieved in the layer subject 
to the impact.  The primary purpose of these results is benchmarking larger numerical studies coupling 
a finite element code (DYNA3D) with several optimization routines.  
 
Keywords: Elastic Waves, Viscoelastic Waves, Optimization, Inverse Laplace Transform. 
PACS: 62.30.+d, 43.20.Gp, 83.60.Bc 

 
 

INTRO 
 

Design of stress wave attenuators is a 
computationally expensive task with few analytic 
solutions.  Therefore, there are almost no 
benchmarks for the larger, more complex 
computations.  The purpose of this study is to find 
reliable solutions to transient wave propagation in 
one-dimensional composite strips.  These solutions 
are examined for possible optimal designs. 

First, we introduce the idea of an optimal 
design by considering elastic strips.  The following 
sections consider viscoelastic strips, and altering 
the applied stress to low-velocity impact. 

 
 

ELASTIC STRIPS  
  

For comparison, we report the relevant result 
from a homogenous strip of an elastic material.  
This will be used to benchmark the performance of 
composites. 
 

Homogeneous Elastic Strip 
 
Consider an elastic material 

occupying Lx <<0 , initially at rest, and fixed on 
the right ( Lx = ).  Upon application of a stress 
step on the left, stress propagates through material; 
hereafter, referred to as a strip.  The mathematical 
model of this is the Initial Boundary Value 
Problem (IBVP): 

 

            ( ) ( )
( ) ( )

),(0
,0

0,0,0,0

0

2

tLu
tuEtH

xuxu
ucu

x

t

xxtt

=
∂=

∂==
∂=∂

σ
,             (1) 

 
where u  is the displacement, 0σ  the magnitude of 
the applied stress, ( )tH  the Heaviside step 
function, E  the elastic modulus, and ρ  the 
density of the strip.  The speed of stress waves 
is ρ/Ec = . 
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 Fig. 1 is a stress history at two points along the 
strip, 4/Lx =  and 4/3L .  These points were 
chosen because they will be the midpoints of the 
layers of the composite. 
 

 
Figure 1. The stress history measured at two points of 
the homogeneous elastic strip. 
 

The relevant feature of Fig. 1 is the peak stress.  
At each point of measurement the maximum stress 
is 02σ . 

 
 

Two Layered Elastic Strip 
 
Now consider a strip composed of two layers.  

Layer 1 occupies 2/0 Lx <<  and layer 2, 
LxL <<2/ .  All quantities, displacement, stress, 

density and elastic modulus, will have their 
corresponding layer indicated by a subscript. The 
displacements in each layer, iu , obeys the partial 
differential equation and initial conditions in (1).  
The boundary conditions of (1) are replaced by 

 

      
( ) ( )

( )tLu
xuEtH x

,0
0,

2

10

=
∂=σ

  .                  (2) 

 
To complete the model we need interface 
conditions.  We assume that the displacement and 
stress are continuous at the layer interface, 

 
( ) ( )
( ) ( )tLuEtLuE

tLutLu

xx ,2/,2/
,2/,2/

2211

21

+∂=−∂
+=−

.       (3) 

 
We restrict our attention to materials where the 
elastic modulus and density in layer 2 are scaled 
from their values in layer 1 by the same factor, .α  
 
         αρρα /,/ 1212 == EE .               (4) 
 
This implies 21 cc = , so we drop the subscript. 

Fig. 2 is a comparison of stress histories at 
4/3Lx =  for the homogeneous strip and a 

composite with 1.1=α .  In contrast with Fig. 1, 
the stress in the composite exceeds 02σ .   

 

 
Figure 2. Stress measured at 4/3Lx =  for 1=α  
(homogeneous strip), and 1.1=α .  

 
This phenomenon is common for almost all 

composite strips.  In [1] an analytic solution is 
constructed for the IBVP of the composite.  It was 
shown that the stress amplitude in layer 2 will 
exceed 02σ  in all but a discrete set of designs.   
These ‘optimal’ designs occur when 

 

   ( )
( ) …,3,2,

/cos1
/cos1 =

−
+= k

k
k

π
πα           (5) 

 
For optimal designs the peak stress in layer 2 will 
be 02σ .  Fig. 3 shows the peak stress, in layers 1 
and 2, as α  varies.  Optimal designs are visible. 
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Figure 3. Peak stress measured at two points of the 
composite strip as α  is varied. 
 

In the following, we seek results similar to Fig. 
3.  We will consider viscoelastic strips and elastic 
strips subject to low-velocity impacts. 
 
 

VISCOELASTIC STRIPS 
 

 For a strip composed of viscoelastic layers the 
IBVP (1) must be adjusted.  We keep the notation 
of denoting quantities in each layer with subscripts.  
The equation of motion and initial conditions are 
 

           
( ) ( )0,0,0,0 xuxu

u

iti

ixitti

∂==
∂=∂ σρ

.                (6) 

 
The boundary and interface conditions are  
 

      

( ) ( )
( )

( ) ( )
( ) ( )tLtL

tLutLu
tLu

ttH

,2/,2/
,2/,2/

,0
,0

21

21

2

10

+=−
+=−

=
=

σσ

σσ

.            (7) 

 
The complete problem statement includes the 
constitutive relationship 

 

( ) ( ) ( ) τττσ τ dxutGtx ix

t

ii ,,
0

∂−= ∫ ,      (8) 

 

where ( )tGi  is the relaxation modulus of layer i .  
We restrict our attention to standard linear solids 

 
    ( ) ( ) t

iiii
ieGGGtG β−

∞∞ −+= ,0,, .       (9) 
 

0,iG  is the initial elastic response of the material, 

∞,iG  the long term stress response, and iβ  the 
decay parameter. 
 We make the following parameter choices. 
 

      
αρρ

α
/,2/

/,

120,,

0,20,1

==
==

∞ ii GG
EGEG

              (10) 

 
The speed of propagation in each 
layer, iii Gc ρ/0,= , is the same and will be 

denoted by c . 
The decay parameter is a viscosity measure.  

Materials with small β  will behave similarly to 
elastic materials when considering transient 
stresses.  We have chosen iβ  the same in each 
layer, so its subscript has been dropped. 

Equations (6) through (9) comprise an integro-
differential equation for the propagation of stress 
waves in the strip.  Due to its complicated nature, 
this IBVP is solved numerically using the Laplace 
transform with a modified DAC algorithm for 
inversion, [2,3,4].  The results for different values 
of α  and three values β  are displayed in Fig. 4. 

 
Figure 4. Peak stress at 4/3Lx =  as α  varies. 
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In Fig. 4 we see that as α  varies the peak stress 
in layer 2 behaves similar to the elastic composite.  
In fact, when β  is small the results are almost 
indistinguishable from the elastic case.  As β  
increases the viscous nature of the solid becomes 
more pronounced and the difference between 
optimal and nearby designs becomes less dramatic. 

 
 

LOW VELOCITY IMPACT 
 

Now reconsider the two layered elastic strip in 
(1) through (4), but replace the stress step with the 
impact of another solid. 

Consider a rigid body of mass m  moving to the 
right with a velocity cv <0 .  The impact is 
modeled by coupling the position of the right of the 
rigid body, ( )tu0 , with the stress in the strip 
through the condition 

 
              ( ) ( )tuEtum xtt ,0110 ∂=∂ .             (11) 
 
Fig. 5 contains the results from this IBVP using the 
characteristic stress 
 
                    1100 ρσ Ev= .                        (12) 
 
 Optimal designs similar to those in Fig. 3 don’t 
exist.  However, we do see that the stress in layer 2 
is the lowest stress when α  is greater than 1.  This 
corresponds to a composite with a stiffer layer 1. 
 

Figure 5. Peak stress at the point of contact and the 
midpoint of each layer. 

CONCLUSIONS 
 

The optimal designs of composite elastic strips 
can be extended to strips composed of viscoelastic 
materials, with similar results.  When low velocity 
impacts replace stress steps the optimizability is 
lost.   However, a lower peak stress is recorded in 
the layer 2 when the front layer is the stiffer of the 
two.  Though not optimal, this is still a desirable 
property for a stress wave attenuator. 
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Abstract.  A generalized self-consistent method (GSCM) is used to evaluate the effective moduli 
of a cracked medium and the wave propagation speed within this medium. Since the microcrack 
damage will in general have an angular distribution, the wave speed will be anisotropic. 
Furthermore, since cracks respond differently under tensile and compressive loads, waves 
propagating through the medium under different loading conditions will experience different wave 
speeds.   
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INTRODUCTION 

 
A number of problems of physical significance 

involve waves propagating through cracked media. 
Examples include seismic waves traveling through 
the earth’s crust, the impact response of protective 
armor, and ultrasonic damage detection. The 
microcracks affect both the static properties of the 
medium and the way in which stress waves 
propagate.  

 
When the wavelength is the same order of 

magnitude as the crack length, the waves will 
interact with individual cracks. There are many 
papers in the literature discussing this topic. In this 
study, we are interested in the problem when the 
wavelength is much larger than the crack length, 
allowing us to focus on how the damage affects the 
wave speed in the material. 

 
In order to calculate the elastic wave 

propagation speed, we need to know the effective 
moduli of the cracked media. Many researchers 
have proposed different methods to evaluate the 
effective moduli of the cracked media, including 

the Self Consistent Method (Budiansky and 
O’Connell [1], Horii and Nemat-Nasser [2]), Mori- 
Tanaka [3] method (Benveniste [4]), Differential 
Scheme Method (Hashin [5]), generalized self-
consistent method (Aboudi et al. [6], Huang et al. 
[7], Santare et al. [8]) and the effective self-
consistent method (Zheng et al.[9]). We will use 
the anisotropic GSCM discussed in Santare et al. [8]  

 
  Sayers and Kachanov [10,11] studied 

microcrack induced elastic wave anisotropy. These 
papers connect the effective moduli of a cracked 
medium to the elastic wave speed. The authors use 
second-rank and fourth-rank crack density tensors 
to evaluate the effective elastic moduli. Using these, 
they calculate the effective moduli for perfectly 
aligned and randomly oriented crack distributions. 
Following these results, Schubnel and Gueguen 
[12,13] used micromechanical and statistical 
physics to evaluate the elastic wave velocities and 
permeability of cracked rocks.  
 

Most of the above results are only applied to 
randomly oriented or perfectly aligned cracks. And 
only one of them (Horii and Nemat-Nasser [2]) 
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considers the difference between tension and 
compression. This paper will investigate the 
difference between elastic wave propagation under 
tension and compression loads within a 
microcrack-damaged medium. 
 
 
 
 
 
 
 
 
 
 

ANISOTROPIC EFFECTIVE MODULI OF 
MICROCRACKED MEDIA 

 
Following Santare et al., [8] we use an 

anisotropic Generalized Self-Consistent Method 
GSCM to evaluate the effective moduli of the 
cracked medium. The GSCM equates the strain 
energy in a damaged region to the sum of the strain 
energy in the region if there were no damage plus 
the energy associated with the opening of the 
microcracks. 

 
In a general, linear 2D orthotropic problem, 

there are four independent material constants. In 
order to evaluate these constants, we apply four 
separate load cases to the damaged region as 
shown in Fig. 1. Applying the energy balance to 
each of these cases and ignoring the effects of 
friction, results in four coupled equations [8] for 
the corresponding effective moduli E1

* , E2
* , 

µ*and K *.  
1
E1

* p1
2A =

1
E

p1
2A + ui[ ]p1 t i

p1dCk
Ck

∫
k=1

M

∑  (1) 

1
E2

* p2
2A =

1
E

p2
2A + ui[ ]p2 t i

p2dCk
Ck

∫
k=1

M

∑  (2) 

1
µ* q 2A =

1
µ

q 2A + ui[ ]q t i
qdCk

Ck

∫
k=1

M

∑   (3) 

1
K* h2A =

1
K

h2A + ui[ ]h t i
hdCk

Ck

∫
k=1

M

∑  (4) 

Here E, µ, K  and are the undamaged moduli. 
ui[ ] and it are the load-specific displacement jump 

and traction along each of the M cracks in the 

region of area A . The external loads p1, p2, h and q 
are defined in Fig 1.  

 
Notice that if the loads in Fig. 1 are made 

compressive, most cracks will not open in Mode I, 
thus changing the energy terms in Eqs. (1)-(4). A 
linear solution will not pick up the physical 
difference between cracks opening in tension and 
closing in compression. Consequently, a linear 
model will predict the same moduli in tension and 
compression. To account for crack face contact, a 
finite element model, with nonlinear contact 
elements is used. This, in turn, will result in very 
different effective moduli for the medium when it 
is loaded in compression than when in tension. For 
this initial study, the friction associated with the 
contact is assumed zero. 

 
 
 
 
 
 
 
In both tension and compression, the resulting 

effective moduli will be affected by two properties 
of the microcrack array, its crack density and its 
orientation. The crack density is characterized by 
η = Mc 2 A where c is the average half crack length. 
The orientation is characterized by a probability 
distribution around a mean orientation. Here, the 
average orientation is taken to be parallel to the x-
axis and the individual crack angle is θ . The 
distribution is then taken to be constant from −θ0  
to θ0  as shown in Fig. 2. This way when 

0θ  is 0 
degrees, the cracks are aligned and when 0θ  is 90 
degrees, the cracks are randomly oriented.   

 
WAVES IN DAMAGED MEDIA 

 
Using the calculated effective moduli, we can 

predict the elastic wave speeds in cracked media.  
In order to find the wave speed of plane harmonic 
waves in direction L , we need to solve the 
following eigenvalue equation, [14] 

 
0}ρvdet{ 2 =− ijijA δ .  (5) 

Figure 1.  Four load cases 

p1 p2 

q h 

-θ0 +θ0

φ(θ) 

Figure 2. Even distribution of cracks 
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where, A = LT CL is the acoustic tensor, C is the 
elastic tensor and L is a 23×  direction cosine 
matrix. 

L[ ]=
l1 0
0 l2
l2 l1

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 

     (6) 

The slowness is the inverse of wave speed: 
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Figure 3. Normalized slowness of waves in cracked media under tension.  
The arrows point to the direction where θ0 increases. (a) η=0.1, (b) η=0.2, (c) η=0.3, (d) η=0.4 

(a) 
(b)

(c) 
(d)

(c)  (d) 

Figure 4. Normalized slowness of waves in cracked media under compression.  
The arrows point to the direction where θ0 increases. (a) η=0.1, (b) η=0.2, (c) η=0.3, (d) η=0.4 
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S(i )(l) =
l

v( i )
   (7) 

 
Fig. 3 shows the normalized inverse of the 

wave speed (slowness) in the cracked media under 
tensile loads. Fig. 4 shows slowness under 
compressive loads. The outside lines are for 
maximum slowness and the inner lines are for 
minimum slowness. The arrows show the direction 
in which θ0 increases from 0 to 90 degrees. 
 

CONCLUSION AND DISCUSSION 
 

Microcrack damage has a significant effect on 
the elastic moduli and thus will change the wave 
propagation within the media. From both figures, it 
is evident that when η increases, the wave 
slowness increases (speed decreases). This is due 
to the fact that as η increases there are more cracks 
per unit area and the medium becomes less stiff. In 
addition, when the angular distribution parameter 
θ0 decreases, the cracks are more aligned. 
Therefore, the medium becomes more anisotropic 
and the slowness diagrams become less circular. 

 
However, we can see that when θ0=90o, the 

figures are not true circles which means the results 
are not perfectly isotropic. The reason for this is 
that in the analysis, we have completely decoupled 
the tension and compression. In reality, the tension 
and compression moduli have an effect on each 
other through shear case and should be calculated 
simultaneously. Currently, we are working on 
improving the analysis to address this issue. 

 
Comparing Fig. 3 and 4, we can see that as the 

damage increases, the wave speeds are very 
different under tensile and compressive loads. As 
expected. When the medium is loaded in tension, 
more energy is associated with crack opening 
(Mode I). Therefore, the modulus decreases more 
than for the same medium loaded in compression. 
As a result, under tension the slowness increases 
more than in compression. If friction were included 
in this analysis, it would affect the compressive 
results more than the tension results since 
compression causes more crack faces contact. 
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Abstract.  The cohesive element approach is getting increasingly popular for simulations in which a 
large amount of cracking occurs. Naturally, a robust representation of fragmentation mechanics is 
contingent to an accurate description of dissipative mechanisms in form of cracking and branching. 
This paper addresses the issue of energy convergence of the finite-element solution for high-loading 
rate fragmentation problems. These results provide new insight for choosing mesh sizes and size 
distributions in two and three-dimensional fragmentation.   
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INTRODUCTION 
 

In ceramic materials, it is known that strength, 
crack initiation and propagation are affected by the 
presence of flaws at the micrometer scale. Under 
dynamic loading conditions, cracks initiate at these 
flaws, and potentially propagate catastrophically to 
cause large-scale structural failure. Multiple crack 
initiate at seemingly random locations and material 
failure occurs through a complex* communication 
process of stress-wave interactions between cracks. 
One of the recent numerical approaches for 
fragmentation that is easy to implement is that of 
cohesive element method. Crack branching and 
fragmentation are natural outcomes of the method. 
In the creation of new surfaces, each opening 
cohesive element dissipates a given amount of 
energy. The total energy dissipated is clearly 
related to the crack path and mesh convergence. It 
has been generally observed that for a fixed strain 
                                                 
* corresponding author: molinari@jhu.edu 

rate, finer meshes lead to higher energy dissipation 
due to more microcracking [1]. The issue of energy 
convergence during the cracking process is of 
fundamental importance as it clearly affects the 
physical robustness of the numerical methodology, 
and is the main purpose of the paper.  

We briefly describe the finite element 
methodology including the cohesive element 
approach (illustrated by 2D crack-branching 
simulation) and analyze convergence issues in a 
simplified one-dimensional setting and the 
implications for extension to multidimensional 
finite element simulations. 

COHESIVE ELEMENT METHODOLOGY 

Our adopted framework is the explicit dynamics 
finite element analysis. The equations of 
equilibrium are integrated along the time axis by 
the second-order accurate explicit (Newmark) 
scheme. For stability of the time integration, the 
time step ∆t must be lower than a critical value, 
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∆tstable, which is related to the dilatational (the 
fastest) wave speed and the (smallest) mesh size. 
We use the initially rigid cohesive law [2] and 
cohesive elements are added on the fly (dynamic 
insertion). The initial finite-element mesh is free of 
cohesive elements, and as the dynamic simulation 
proceeds, cohesive elements are inserted at 
locations where the stress exceeds a critical value 
σc.  

In addition to σc (maximum cohesive force) and 
δc (critical opening displacement), a third 
parameter Gc, which is not independent of the other 
two corresponds to the area under the σc —δc curve 
and is the fracture energy that is needed to fully 
open a unit area of crack surface. Resolution of 
appropriate length and time scales associated with 
the fragmentation process requires proper choice of 
the material parameters. Expressions for cohesive 
zone length α  have been obtained by [4,5]. The 
finite element mesh size must be smaller than α  
in order to resolve the physics of dynamically 
failing material near a crack tip. It has also been 
shown [3] that cohesive elements introduce a time 
scale into the problem associated with the opening 
of an isolated micro crack which determines 
whether a particular externally applied strain rate is 
perceived as a low strain rate or a high strain rate 
during the dynamic decohesion process. In order to 
properly resolve the unloading part of the cohesive 
law in a dynamic fragmentation simulation, the 
integration time step must be roughly an order of 
magnitude smaller than this time scale. 

Previously, we obtained probing crack 
branching results in 3D PMMA plates [6]. For the 
approach in 2D, similar to Falk et al [7] we meshed 
a h=3mm square block of PMMA with an edge 
crack of 0.25 mm. Finite-element meshes of 
different sizes (smaller than the cohesive zone 
length estimate in [5]) were used.  

Crack branching results were obtained for all 
meshes at sufficiently high energy levels for 
different loading conditions, indicating the 
method’s robustness. However an increase in total 
cohesive energy dissipated with mesh refinement, 
was observed. Closer examination of the cracked 
surfaces showed increased microcracking and 
crack path variation with mesh refinement (also 
observed by Ruiz et al [1]) leading us to question 

the possibility of energy convergence, and mesh-
independent microcracking. These questions are 
addressed in the next section for an idealized 1D 
setting. 

DYNAMIC FRAGMENTATION MODEL 
 
 

 
 
Figure 1: Schematic of dynamic ring fragmenting under 
explosive loading 
 

For simplicity we consider the most elementary 
model of an expanding ring (Fig. 1) which has 
been discussed in earlier work [3,8]. We assume a 
linearly elastic material and insert 1D initially-rigid 
cohesive elements upon reaching a critical stress to 
monitor multiple cracks nucleation, growth, and 
interactions. The 1D setting allows the use of the 
method of characteristics to track stress wave 
interactions in the elastic material and permits high 
mesh densities at an affordable cost. The results 
were also compared to finite-element calculations 
and no significant differences were observed. The 
ring is loaded explosively with different radial 
speeds. Fragment statistics are collected when all 
the fragments are formed. Fragmentation 
simulations were performed for different mesh 
sizes (from 128 to 1 million nodes) and for strain 
rates ranging from 5×103 s-1 to 5×105 s-1.  

Figure 2 represents the energy dissipated 
(curves in solid lines) in the process of cohesive 
fracture. This includes cohesive elements that have 
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been either fully or partially damaged. We observe 
a non-monotonic convergence.  

 
 

 
 
Figure 2: Cohesive energy dependence on mesh size for 
uniform and random mesh spacing 

 
For coarse meshes the energy dissipated is 

proportional to the number of nodes in the mesh. 
This strong mesh dependence clearly indicates that 
these mesh sizes under resolve the fragmentation 
process (all the cohesive elements are fully broken 
and thus the fragment size is mesh size dependent).  

The cohesive zone size estimate is shown by 
the vertical line in Figure 2. Clearly, for this highly 
dynamic problem, this estimate of mesh size is not 
satisfying, as it cannot resolve the fragmentation 
process. In light of this, one may question the 
validity of using cohesive zone length scale 
estimates in any dynamic finite-element problem. 
For illustration, consider the highest strain rate case 
(5×105 s-1). We note that the dissipated energy 
increases up to 104 nodes. Although 104 nodes is a 
relatively small mesh in a 1D setting, its 2D 
equivalent is 108 nodes. Many published results 
using the cohesive element approach in a 
multidimensional space have been obtained with 
smaller meshes. We postulate that observations of 
energy increase with mesh refinement are due to 
microcracking being not properly resolved, 
although the increase may not be linearly 

proportional to the node number as boundary 
conditions may deviate from the simple uniaxial 
state of stress here. 

A significant finding of this paper is that for 
sufficiently large meshes one can properly resolve 
microcracking. Smooth convergence is observed 
beyond the peak of the curve This is encouraging 
as it indicates that although cohesive elements are 
inserted at many more nodes than necessary most 
are not severely damaged and do not impact 
significantly the energy balance of the problem. 
However it is disturbing to note that this translates 
to requiring very fine meshes (1012 nodes in 2D) 
beyond any available computational power. 

Using a smaller time step did not affect the 
non-monotonic nature of the curve indicating that 
perhaps it was not a numerical issue. It was shown 
previously [8] that a simple universal law (Weibull 
distribution) captures fragment sizes for all strain 
rates. Nature wishes to maximize entropy and stays 
away from uniform fragment sizes due to the 
inherent randomness associated with generating 
fragments (which uniform meshes do not capture 
well). Uniform meshes severely constrain the 
fragmentation event and its desire to maximize 
entropy and seems to explain the observed non-
monotonic convergence. 

 
 

 
 
Figure 3: Mesh dependence of fragment size distribution 
(random mesh spacing) for 5x105 s-1 

 
The curve in dotted lines in Figure 2 represent 

the results obtained for random meshes obtained by 
shifting each node by a random amount in between 
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± 0.4he, where he is the mesh size in the 
corresponding uniform mesh. The convergence is 
now monotonic and, remarkably, it is up to two 
orders of magnitudes faster. In addition it yields 
smooth and detailed statistics on fragment sizes 
(Fig. 3). The required number of nodes and their 
equivalent in higher dimensions is manageable 
with parallel simulations. Numerical modeling of 
fragmentation thus has an odd characteristic: 
uniform meshes should be avoided at all cost.  

Instead of shifting by ±0.4he we tested for 
varying degrees of mesh heterogeneity and found 
that random displacements of nodes by an amount 
in between ±0.05he suffice to improve convergence 
by roughly two orders of magnitude.  

As discussed earlier, at least in a 1D setup, 
cohesive zone estimates such as in [5], lead to 
meshes too coarse to capture all microcracking 
events. A key finding of our previous work was 
that a universal law may be used to capture the 
dependence of the average fragment size with 
strain rate. This empirical estimate was proposed as 
an alternative to Grady’s energy-based model [9], 
which does not take into account wave reflections. 
Using the average fragment size relation in [10] 
and Figure 2, we obtain an empirical estimate for 
required mesh size (shown as dotted line in Figure 
2) as: 
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Using this estimate and perhaps others 

incorporating the time scale, converged 2D 
fragmentation simulations are within reach. 3D 
simulations, however, remain too computationally 
intensive. Rate dependent cohesive laws, for which 
Gc becomes an increasing function of strain rate, 
are promising in this regard [11]. 
 

CONCLUSIONS 
 

Standard cohesive zone size estimates under 
resolve the number of nodes necessary for attaining 
mesh independence in dynamic fragmentation 
simulations. Substantial computational evidence 
demonstrates, for the first time, that the cohesive 

element method converges in an energetic sense. 
Microcracking events and the ensuing fragment 
sizes distributions are statistically mesh 
independent for sufficiently fine meshes. Random 
mesh spacing led to much faster and smoother 
convergence than uniform meshes, and that even 
for very small random perturbations. A simple 
mesh density estimate based on the dependence of 
the average fragment size on the strain rate and 
elastic and fracture material properties is proposed. 
This estimate provides a clear roadmap for more 
complex loading conditions including biaxial 
loading of ceramic plates. 
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